Inverted pendulum models are commonly used to study the bio-mechanics of biped walkers. In its simplest form, the inverted pendulum consists of a point mass attached to two straight mass-less legs. Most works constrain the motion of the mass to the sagittal plane, i.e. the plane perpendicular to the ground that contains the direction toward the biped is walking. In this article, we remove this constrain to study the oscillations, the mass experiences in the direction perpendicular to the sagittal plane as the biped walks. While small, these lateral oscillations are unavoidable and of importance in the understanding of balance and stability of walkers, as well as walkers induced oscillations in pedestrian bridges.
Introduction
When a human walks, the sagittal plane refers to the plane perpendicular to the ground that contains the direction toward the person is walking. As the person walks, its center of mass oscillates, both in the vertical direction (perpendicular to the ground) and lateral direction (perpendicular to the sagittal plane). One of our goals is to contribute to the understanding of the lateral oscillations.
The lateral oscillations play an important role in the balance and stability of individuals as they walk. Thus, their understanding is of interest in the field of bio-mechanics. These oscillations are also of interest in the field of robotics, since their understanding and control are likely to help improve the design of stable biped robots. While small, these lateral oscillations are the cause of some observed undesired and unexpected motions of pedestrian bridges when too crowded [1] - [11] . Thus, the topic of study of this article is also of interest to those that design pedestrian bridges as well as other related structures.
The use of inverted pendulum models to study the bio-mechanics of walking is a common practice. In its simplest form, the inverted pendulum consists of a point mass, which models the center of mass of the individual, attached to two straight mass-less segments, the legs. Works that use inverted pendulum (in its simplest or more sophisticated forms) or similar models to study aspects of the mechanics of biped walkers or related toys or biped robots include [12] - [26] . Particularly, the work in [27] has inspired lots of subsequent work.
Different simple models are surveyed in [28] . Inverted pendulum type models are also used to study the control and stability of walking [29] [30] and the balance of standing in moving platforms [31] . Some general articles about biped and animal movement, including walking and running, are [32] [33] . Spring loaded inverted pendulum models refer to inverted pendulum models where the legs are not rigid; instead, they behave like springs. These models are used to study the mechanics of running [34] [35] [36] . Spring loaded inverted pendulum models have also been used to study the transition from walking to running as the speed increases [34] [35] [37] [38] [39] . A survey regarding the analysis and control of biped robots walking can be found in [40] . Experimental studies of the responses of humans walking in a treadmill subject to lateral oscillations are reported in [41] . Lateral stability of walking is studied both theoretically and experimentally in [42] [43] [44] [45] [46] . The relationship between width of the step and length of the leg is studied with a mathematical model and energy arguments in [47] .
Most works using the simplest inverted pendulum model constrain the motion of the center of mass to the sagittal plane. In this article, we remove this constrain. As a consequence, we are able to use this unconstrained inverted pendulum model to study the lateral oscillations the mass experiences as the person walks, i.e. the oscillations in the direction perpendicular to the sagittal plane. We believe and hope that the model and techniques described in this article will be adopted by other researchers and will prove useful in the study of different aspects of the mechanics of biped walkers.
In the next section the model is introduced. In the following section we describe the equations governing the dynamics of the mass while one foot is off the ground. Subsequently, we identify the solutions to the governing equations that correspond to periodic walking. We then report results of numerical simulations.
We further explore our model by restricting our attention to the parameter regime of slow walkers. We then also study the short steps parameter regime. We finish the article with a discussion.
The Model
We model a human as a point mass m attached to two straight mass-less seg-ments, the legs. Each leg is of length L . The mass m is the common end point of the two legs. The other end point of each leg is its foot. Only the feet can touch the ground. We will call this model of a human the model biped. Next, we describe our modeling assumptions. In the statements below k is any integer. Assumption 1. At all times, either one or both feet are touching the ground.
The fact that each step takes the same time leads to our next assumption. 
, which is parallel to the stance leg and points from the mass in the direction opposite to the foot (see Figure 1 ).
As it makes contact with the ground at time k t t = , the leg that was the swing leg during the time period ( )
exerts an impulse on the mass m , changing its momentum, and preventing the mass from falling to the ground. Simultaneously, the leg that was the stance leg during the time period ( )
, exerts another impulse on the mass m , changing its momentum further, and giving the mass enough energy to take its next step. This last impulse corresponds to the human pushing off the ground with the foot of the leg that is changing from being the stance leg to being the swing leg. The impulse each leg exerts on the mass must be parallel to that leg and pointing from the mass away from its foot. This discussion leads to the next assumption. = , the mass m is in the plane that contains both feet and is perpendicular to the ground.
One could wonder if, when both feet are touching the ground, the mass m could be out of the plane perpendicular to the ground containing the feet. An initial guess could lead us to believe that the mass being slightly ahead of this plane could facilitate the motion and make walking forward more efficient. However, in the context of this simple model, we have proved that there is no periodic walking if the mass is out of this plane. While elementary, this proof is somewhat tedious and lengthy, so we have elected to leave it out of this article.
In Figure 2 we illustrate and introduce geometric parameters. The solid circles are the footprints. The footprints from the left foot are included in a dotted line. The footprints from the right foot are included in the other dotted line. These two lines are a distance w apart. Thus, w models width of the steps. The white circles are the orthogonal projections onto the ground of the mass at times when both feet are touching the ground. After each step, the center of mass advances a distance u . Thus, u models the length of the steps. f e is the dimensionless unit vector that points in the direction the biped is walking. h e is the dimensionless unit vector perpendicular to f e , parallel to the ground and pointing to the right of the biped. v e is the dimensionless unit vector perpendicular to the ground pointing upward (see 
Governing Equations during a Step While One Leg Is Off the Ground
We now proceed to describe the motion of the mass during the time interval 
where primes denote derivatives with respect to t . Let r be the dimensionless unit vector pointing from the left foot to the mass,
where g is the acceleration of gravity and we use the notation a for the norm of any vector a , i.e. a a a a = + + . We introduce the dimensionless time t g Lt = .
Equation (1) becomes
where dots denote derivatives with respect to t .
Let θ be the polar angle and φ be the azimuthal angle, ˆsin cos sin sin cos 
where π 2 π 2 φ − < < and 0 π 2 θ < < (see Figure 1 ). In terms of ( )
2 cos sin 0
We will solve these equations during the first step, i.e. in the time interval
The dynamics of the mass m is given by Equations (4) and (5). Multiply Equation (5) by sinθ and integrate once to obtain
for some E . Note that E is the dimensionless mechanical energy. The initial azimuthal angle, 
Assume the parameters w , u and L are given. For each pair E and K , the system of Equations (7) and (8) subjected to the initial conditions (9) and (10) has a unique solution. However, this solution may not correspond to periodic walking as described in this article. In the next section, we list the two necessary and sufficient conditions for periodic walking. These conditions will lead to a relationship between E and K .
Conditions for Periodic Walking
In this section we assume that the parameters w , u and L are given and fixed. Thus, 0 θ and 0 φ are also given through Equations (9) and (10) . We seek to answer the following question: Given that ( ) 0 (7) and (8) (7) and (8) 
2 0 
Due to symmetry, the Condition 1 is equivalent to: The minimum azimuthal angle θ  is attained at the same time that the polar angle φ is zero, i.e. (7) and (8) 
On one hand, given 0 θ , Equation (8) . On the other hand, we recall that the force the stance leg exerts on the mass m points from the mass away from its foot. This means that F in Equation (6) is constrained to be positive. Thus, while Equation (6) is not used to solve for θ and φ , it does impose a constrain. Using Equations (7) and (8) and simply algebra we get that 3cos 2 F E θ = − . Thus, the constrain 0 F ≥ reduces to ( )
Since cosθ is a decreasing function of θ for 0 π 2 θ ≤ < , this constrain needs to be verified only for Since 0 φ >  , we have that 0 K > (see Equation (7)). On the other hand, given 0 θ and E , Equation (8) θ be given, the pairs ( ) , E K that correspond to periodic walking are the solutions of Equations (11) and (13). 
Let V be the dimensionless average velocity. From Figure 2 , it can be shown that the dimensionless distance the biped covers in one step is Figure 3 shows V as a function of E . As expected, V is an increasing function of E . The more mechanical energy the mass has, the faster it moves in average. Our numerical calculations suggest that 
Slow Walkers
We remind the reader that the dimensionless energy satisfies the constrains
. In this section, we will study the dynamics of slow walkers. As our analysis will show, this corresponds to values of the energy of the form 2 
1
, where 0 1.
The choice of the square in ε is to simplify future calculations. The fact that 1 ε  will allow us to use asymptotic approximations and as thus, obtain a deeper understanding of the dynamics of the model biped than by numerical simulations alone.
In the Appendix 2 we show that the asymptotic value of the minimum polar angle θ  (see Equation (11)) valid in the parameter regime of Equation (18) In the Appendix 3 we show that the asymptotic value of the dimensionless time of one step, T (see Equation (14)), is
In the above equation, we mean that
Thus, the dimensionless average velocity V (see Equation (15)) satisfies, in this parameter regime 
Note that T → ∞ and 0 V → as 0 ε → , consistent with the title of this section: slow walkers. Note also that the asymptotic formula for V is consistent with the plot in Figure 3 , not only on the fact that 0 V → as 0 ε → (or 1 E → ), but also on how it approaches 0.
Given Equation (19), we can obtain the asymptotic value of the amplitude of the lateral oscillations from Equation (16) . Note also that those two figures illustrate that the lateral oscillations increase as the velocity of the biped decreases.
Steps Much Shorter Than the Biped Height
In this section, we explore a different parameter regime. Namely, we restrict our attention to small values of the initial azimuthal angle This corresponds to the biped taking steps that are much shorter than the lengths of its legs, a realistic parameter regime.
In the Appendix 4, we outline the steps required to get the asymptotic value of the minimum azimuthal angle θ  and of K in the regime 0 1 θ  . We obtain 
and ( ) 0 2 1 sin .
The asymptotic value of the dimensionless time required by the biped to take one step, T , is obtained from Equations (14), (24) and (25) Thus, V , the dimensionless average velocity of the biped satisfies ( )
(see Equation (15)). Making use of Equations (24) and (16) As previously defined, T is the dimensionless time required by the biped to take one step. Note that θ is a decreasing function of t in the time interval
. Thus, using Equation (8), the asymptotic value of K (Equation (25) 
On the other hand, Equation (7) leads to
Note that θ is given by Equation (31) . Plugging that expression for θ as a function of t into Equation (32), integrating, and using the initial condition 
Discussion
In this article, we use a very simple inverted pendulum model to explore aspects of the mechanics of biped walkers. The novelty of this article is that we do not restrict the motion of the mass of the pendulum to the sagittal plane. As a consequence, we were able to study the lateral oscillations of the center of mass as the biped walks. These oscillations were beyond the capability of the simplest inverted pendulum models when the motion of the mass was restricted to the sagittal plane.
We performed numerical simulations and explore different parameter regimes with the use of asymptotic techniques. Our analysis shows that the inverted pendulum model remains simple enough to study, even when the mass is not restricted to move in the sagittal plane. We believe and hope the approach introduced in this paper will prove useful and be adopted by other researchers to study different aspects of the dynamic of biped walkers. 
Since α depends on E and K , and the function f depends of E , the integral I is a function of the two parameters E and K . Note that, given Equation (34), (see Equation (40)), it can also be very easily seen that ( )
− . Thus, we have, after simple manipulation, the following asymptotic approximation for 1 I , 2. Calculations leading to Equation (19) Consider E a fixed parameter. Let ( ) f θ be as defined in Equation (38) .
Note that Equation (11) 
